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ABSTRACT 

One of the most corrjnon misconceptions about 
proijaiDility is the belief that successive outcomes of a random 
process are not independent. This belief has been dubbed the 
"gar.ibler's fa. lacy". The belief that non-normative expectations such 
as the Qanbler's fallacy are widely held has inspired probability and 
statistics instruction that attempts to counter such beliefs. This 
study presents an investigation of student performance pre and post 
instruction on problems dealing with these kinds of statistical 
luisccnceptions. Instruction consisted of 10 laboratory sessions, 1.5 
hours each, delivered to 16 high school students attending a summer 
Xtathematics program at Mount Kolyoke College (Massachusetts) . The 
instruction included computer simulations tl^at were intended to 
provide students with sufficient daca to refuce expectations based on 
the representativeness heuristic, as well as other misconceptions 
about chance. Student performance suggests that a belief m 
representativeness may not be as widespread as thought, and that 
curriculum development aimed at countering this belief .should proceed 
cautiously In addition, student who apparently do not have a 
well-developed understanding of independence m random sampling may 
never theles answer such problems correctly based on reasoning that 
IS fundamentally non-probabilistic. Thus, many items currently being 
used to assess conceptual development may be insensitive to cercam 
misconceptions about probability'. Student misconceptions about 
probability need to be better understood if more appropirate 
mathematics instruction is tc be achieve' (KR) 
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Belief in Equally-likely vs. Unequally-likely E-'-nts 

Cne of the roost coraraon misconceptions about probability is the belief 
that successive outcomes of a random process are not independent — that a 
-0".g runs of heads, for exa.-aple, increases the likelihood that the next trial 
w::: produce a tail. This belief has been dabbed the gambler's fallacy," 
presuraably since people at the roulette table tend not to bet on numbers that 
"ave recently ccrse up. 

rr-re are several possible explanations for w.hy people might think that 
1 T.-ils IS T-re likely after a run of Heads. First, they may believe that a 
sei.es random events is governed by a self-correcting process. This belief 
has sonecimes been referred to as a belief in "active balancing." Certainly 
they are exa.-nples of phenomena of this type (e.g., thermostats, a swinging 
pe.nduiun) and it may be that people assimilate random events to such 
phenomena. Also, random sampling that involves non-replacement behaves in a 
co-tspensating vay such that the longer a student waits for his or her name to 
be called when the teacher is passing back ?huffled-up exams, the more likely 
.t :s that tno student s "=>-e will be called next. 

.A 'l.ghtly different explanation for the gambler's fallacy is that 
people may believe in, but mis -.nderstand , the Law of Large Numbers. People 
-aay believe that .3 the sa'.ple size increases the ni-.-nber of heads and tails 
become closer. Ths= fallacy in this arg'iraent is that in the long run the 
n'o^-nber of head- and tails do not get closer; in fact, the numbers in general 
get nore and more divergent. Rathei ' is the relative frequency, or 
percentage of beads and tails, that converges according to the Law of Large 
Numbors. The contribution to this percentage of a surplus of one of the 
outcones is simply swamped out by the large numb«?r of trials. 



A third possible basis for the gambler's fallacy is based on what 
Kahneraan and Tversky (1972) call the "representativeness heuristic." 
According to this heuristic, the likelihood that a given sample came from a 
particular population is judged by comparing the similarity of the sample to 
the population. Given a choice after a run of four Hs between the two samples 
H}^MVy. and KHHHT, the latter is judged as the more likely since it is closer to 
the ideal population distribution of 50% Hs , 50Z Ts. 

Use of the representativeness heuristic is often elicited by asking 
Deople to chose aipor.g possible sequences the most likely to occur. In the 
case of five flips of a fair coin, all possible ordered sequences are in fact 
ecupily likely, the probability of each being .5^. However, given several 
options people reasoning according to the representativeness heuristic will 
chose THHTH over THTTT and HTHTK. Ka.hneraan and Tversky (1972) argue that this 
answer is consistent with the representativeness heuristic in that it reflects 
both the fact that heads and tails are equally likely and that random series 
should b** "mixed up.** 

There are other possible rationales for this incorrect answer. It is 
possible that people do not attend to the specified order of the events in the 
sequer^ces. If so. they would be correct in selecting THHTH over THTTT in that 
it is raore like/y to get thre^ heads than one head if order is ignored. 
However, that people will select THHTH as more likely than HTHTH or HHHTT 
suggests that order is not being ignored. It is also possible that the 
selection is based on a belief in active balancing, Teople might reason that 
the sequence THHTH looks like a sequence to which the active balancing 
mechanism has been applied. 

The belief that non-normative expectations such as the gambler's fallacy 
are widely held has inspired pr-^bability and statisticti instruction that 



attempts to counter such beliefs. Curriculmn designed by Shaunghnessy (1985) 
and Beyth-Haron (1983) both include units intended to confront and correct 
judgments based on informal Judgment heuristic... (Nisbett) However, a 
better understanding the basis of peoples' non-normative beliefs about 
probability is critical for the design of teaching interventions that can 
alter those beliefs. Results reported by Pollatsek, Konold. Well. & Lima 
(1984) suggest, for example, that representativeness and not active balancing 
is the basis for the majority of incorrect answers to questions like those 
above. They presented subjects with a situation in which a sample of ten 
scores was being random chosen fiom a population with a known mean. Given the 
iir.t element of the sample, subjects were asked to make their best guess as 
to the mean of the sample. Even though the first score was an extreme, 
subjects -.ended to predict the population mean for the mean of the sample. 
Furthermore, when asked what the mean of the next nine scores would be. the 
majority of these subjects did not say that it would be in the direction 
opposite the first score. This response would be consistent with a belief in 
acf.ve balancing. Rather, consistent with the representativeness heuristic, 
they chose the population mean as their best guess for the mean for the next 
nine. The authors point out that several statistics texts have, in the past, 
tried to counter the gambler's fallacy by trying to convince student that the 
act.ve balancing theory of coin flipping is untenable by pointing out that 
"coins don't have memories." However, if people's incorrect answers are not 
actually based on the belief in active balancing, such explanations will be 
unhelpful and perhaps confusing. 

The present study is an investigation of student performance pre and 
post instruction on problems like those presented above. The instruction 
included computer sirT>ulat ions that were intended to provide students with 
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sufficient data to refute expectations based on the representativeness 
heuristic, as veil as other misconceptions about chance. Stu^.ent performance 
pre and post instruction, along with performance on the same problems by 
students in two other educational settings, suggests that a belief in 
representativeness may not be as widespread as thought, and that we therefore 
ought to proceed cautiously in developing curriculum aimed at countering the 
belief. In addition, students who apparently do not have a well-developed 
understanding of independence in random sampling may nevertheless answer such 
problems correctly based on reasoning that is fundamentally non-probabilistic. 
:h-s. Tany items currently being used to assess conceptual development may be 
ns^nsitive to certain misconceptions about probability. 

Metho d 

Instructional Treatmenc 

T.he instructional treatment consisted of 10, l-i/2 hour lab sessions on 
probability conducted each day over a two-week period during the summer of 
1987. Sixteen high school girls signed up to take the probability workshop, 
which was one of several workshops that participants of "Suinraerraath" could 
elect to take. Sumraermath is a six-week residential math program for high 
school girls sponsored by Mount Holyoke College. Summerraath recruits 
nationwide, and participants represent a range of mathematical ability. The 
workshop on probability consisted of various lab exercises which focused on 
concepts of independence, randomness, frequency interpretation of probability, 
and calculating the joint and conjunctive probability in fairly simple 
situations. Students workc>d in pairs at an IBM-AT using accompanying software 
programmed in APL that allows the user to build a variety of sampling models 
by specifying outcome names and the number of elementary events of each name. 
Having built r^uch a model, the program can then be used to draw large random 
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.....pies., perfon. a v..iety of analyses, and display the results. A nine-ite. 
pretest was administered on the first day of the workshop, and a parallel- 
version posttest was administered on the last day. 
Problems 

The items each appeared or. a separate page, and students were instructed 
not to return to a page once it had been .urned . This report includes 
information only two of the ite-ns used on the pretest and their parallel 
versions on the posttest. The pretest items are listed first below. 

Four-heads Problem . 

^s'^he ^o^" J^/^iPP^d ^ times, each time landing with heads up. Vhat 
.3 the most Uicexy outcome if the coin is flipped a fifth time^ 

a. A.iother heads is more likely than a tails 

b. A tails is more likely than another heads 

c. Tne outcomes (heads and tails) are equally likely. 

K/T Sequence Problem . 

a. H H H T T 

b. T H H T H 

c. T H T T T 
<i. H T K T H 

e. Ail four sequences are equally likely. 
2. Which of the above sequence would be least likely to occur^ 
B/G Sequence Problem . 

order'™j'M%^' 5 children in a large city were surveyed. The exact 
order of births of boys and girls in each family was recorded 

oc'c^r^^f t^ ^^^^^ °f ''i^ths do you think 

occurred the most frequently? 

a. B B B G G 

b. G B B G B 

c. G h G G G 

d. B G B G B 

All four exact orders occurre:: with approximately 
equal frequency. 
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2. Which of the exact orders above do you think occurred the 
least frequently? 

Die Problem . 

A fair d(e is rolled 5 times. The exact order of the outcomes of 
the rolls was 4, 6, 5, 6, 4. What is tha most likely outcome 
the die is rolled a fifth time? 

a. A number that is 3 or below. 

b. A number that is 4 or above. 

c. It is equally likely to be a or b. 

in addition to choosing an option, students were asked for each problem 
,o "give a brief Justification" for their answer. Of the other problems not 
reoortec here, two involved coi^puting joirt an' conjunctive probabilities, two 
with interpreting meanings of probabilities, such as the meaning of a 70X 
cha.ce forecast of rain, and one each with a) the effe - o'l sample size on 
variab-lity of the sanple mean, b) producing a hypothetical random string of 
coin flips, c) choosing between two options the most likely result of drawing 
randomly from an urn with a known population. 

The pretest items were also administered to two other student 

popul at ions . 
Rf^ir.oci i a 1 M a t h 

Twenty five undergraduates students enrolled in the Spring 1987 semester 
f remedial-level mathematics course at the Universitv of Massachusetts, 
Amherst, vo3unteered to participate in a study on probabilistic reasoning. 
They received class credit for their participation. Probability was not a 
topic covered in these courses. The H/T Sequence and Four-heads Problems we,e 
among the 14 items they completed. 
S t ^ j^t J_c_al Methods Course 

The H/T Sequence and Four-heads Problems were also administered as part 
of a pre-ccurse survey for a graduate-level statistical methods course in the 

s 
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College of Education, University of Minnesota, in the Fall of K87. This 
course is the first of a three-seraaster methods sequence required of all 
advanced-degree candidates in Psychology and Educatioii. Dr. Joan Garfield was 
the instructor, and admin ist*5 red the survey. [Did I get this right, Joan?] 

Results and Discussio n 
Results f-^r the three groups on the Four-heads Problem is summarized in 
Table i. Over 11, 861 of the students responded correctly that both heads and 
tails w^r^ equally likely. Not surprisingly, the performance of the Remedial 
^"udent<^ was trf> Poorest (70X correct) and the Methods students the best (96X 
r>rr(*ct). Aft^r ^.us ruction, the Suramerraath students all answered the 
^^taIIpI Die Frob>m correctly. As expected, the most popular alternative 
answer was th^ one consistent with the gambler's fallacy, that a tails is more 
-i/p:v aft^r a run o^ heads. This option was selected by 221 of the Remer^ial 
srudpnts, IPX of the Summermath students, and AX of the Methods students. 
Surprisingly, *:hese result suggest that even without instruction, the majority 
-.tur-^nts <lo not commit the gambler's fallacy on this particular problem. 

Insert Table 1 About here 

F>rf nrma-'-"^ on the H/T Sequence Problem is summarized in Table 2. 
Looking f^rst the responses to the question of which sequence is the most 
likely. It appears that a majority of students have a correct intuition that 
all the sequences are equally likely. Overall, 62X of the students responded 
correctly, with the Remedial students again performing the poorest (61X) and 
th^ Met^iods students tne best (79X). The most popular incorrect alternative 
overall was the sequence THHTH. This sequence is perhaps the response most 
consistent with the representativeness heuristic, in that it has roughly equal 
numbers of heacJ-? and tails and they -ire adequately mixed up. The Iternati/e 
"f" in the table was added to the possible options by 4X of the Remedial and 



6X of the Stat Methods students. They indicated that options a, b, and d were 
equally likely and that option c was least likely to occur. 

Insert Table 2 about here 

The most interesting aspect of these data is tne percent of correct 
rosporsps to t^e question of which sequence is least likely. Overall, only 
301 of th^ students responded that all four sequence? were equally unlikely. 
Thus, roughly half of the students who selected the correct option e for the 
question regarding the most likely sequence went on to select one of the 
sequences an least likely rather than respond in a consistent manner that all 
^our <;pqu(>ncos w-,re also equally unlikely. Additionally, the post instruction 
results of the Suniraerraath students shows virtually no improvement in this 
pattern of incons i f^t ent results on the parallel B/G sequence \iroblem: roughly 
401 of the students who responded correctly to the question of the most likely 
sequence switched to an inconsistent answer in the case of the least likely 
sequenre (see Table 3). These result sugge'-ts that even though students may 
respond correctly to the question of which sequence is most likely, their 
answers may not be based on normative reasoning 

Insert Table 3 about here 

The perforraanco of three different groups of students on problems that 
have been regar-'ed in the literature as prototypical instance for revealing 
the representativeness heuristic suggests that such reasoning is used by a 
minority of the respondents. In fact, mo'^e than half of the responses would 
appear to be normative and thus reflect an understanding of independence in 
random sampling. Tnese resalts are consistc ' with performance on an item 
alrr.ost identical to the Fcir-b^ads Problem which was used in the most recent 
National Assessment of Education Progress (as reported by Brown, Carpenter, 
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Kouba, Linguist, Silver, and Swafford, 1988.) Fotly-seven percent of the 7th 
graders and 561 of the 11th graders selected the correct alternative that 
h^ad<? anc tails were equally likely after flipping four Tails with a fair 
-^\n The percent of responses consistent with the representativeness 
••*-i-.->^:c v^<^ 331 for the 7th graders and 33X for the 11th graders. Givan 
that probability is still infrequently taught at the secondary level, these 
perct'ntages reflect pre- inst rue t ion performance. 

However, the results of this study also suggest that perhaps as many as 
of the student who answer correctly on problems of this type may be doing 
ba<?ed on non -normat ive reasoning, in that their answers for the questions 
re;>ardinj?, the most .ikely- vs. the least-] ikely sequences are logically 
inconsistent. Given that the ''equally nkely" response on the Sequence 
FroMoT.s :s oT q';rs^ ionable meaning, the equally likely response on the Four- 
heac'-^ -'--^olc: a: so be held suspect. That is, if asked the parallel follow-up 
qu^s^ion on ^he Four-heads Problem, "Vhich result is least likely to occur?" 
it IS reasonable to -expect that a large percentage who chose the correct 
r^-.r^r. e would then respond that another }^'>'i^ vr<- Last likely, 
'.^p reach to Probability 
M'ss.sie explanation f^r these results is that students who give 
.1 onsisten^ responses are reasoning according to the "outcome approach" 
^'oncld. m press K People who reason according to the outcome approach do 
not coe their p,oal in uncertainty as specifying probabilities that reflect the 
^ . sv» Ibut lor. of occurrences in a sample, but of pr edicting results of a single 
tr:al m a yes/no fashion. When given a probability such as "there is a 701 
oVMn-e or ram tomorrow,*- utcome-or iented individuals adjust the number given 
o Mio of rhr^e r!e-ision points: lOOZ, which means "Yes," 01, which means 
'No,'' an-^ so:, whi-h means "I don't know " Thus, m^ny subjects reported that 
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the forecast 70X rain meant, ''It will rain toraorrov," and if it did not rain, 
that the forecast would have been "wrong. Several subjects spontaneously 
reported that a forecast *^0Z chance of rain would mean that the forecaster 

had no idea of what was g^ing to occur. 

For a porscn who reason according to the outcome approach, the •'50/50 
chanro'^ associr.ted with coin flipping may not necessarily imply that the 
Person expects roughly 50X heads in a sample, but that he or she has "no way 
to know*' what the outcome of a trial will be. Given the Four-heads and H/T 
Sequence Problems, outcome-oriented individuals may believj that they are 
S^-vnt^ nskf^H ^r> lyrecj^-Jt whaV vill happen, and since the probability is 50/50, 
-nay "f^soor.c bv ch'--«^:-c the Vcually likely'' alternative, and by that really 
--^an 'hat *hey Jiave no basis for laaking a prediction. When subsequently asked 
Tf^-uoncf- *\-oblem which sequence is least likely, they may no longer 
ira.no t^'* qup^t.on as asking for a prediction of what will occu-.. and may then 
chos^ PT) Al*:rrn.?it ive based on the representativeness heuristic. A rjugh 
wording; of -^o r tMnkmp; might be, can't aay for sure what will happen, 

J*- : '^--'t th.nk th's will." 

^he V- -^r-n respon?:es that students gave to these problems provides some 

,H o'i ♦ -la* ,a ^ow of the subjects may have been reasoning as described 

<^bov'- 'r'^o rf^sp' -<:;^r, of four students whos^ responses to the H/T Sequence 

P^rh>- v^ rn ircors.^t^n^ are given below. Each excerpt is preceded by a 

subject code that specifies whether the subject was from the Summerraath (S) or 

Pe-.edial (?) group The answers the student gave to the rau3 tiple-choice 

-luos* .on are giv^n m parentheses. 

(e,a'. [For e] Anything can happen with probability. The chances 
of som^ *h*> examples are least likely to occur (a,c), but it can 
> app^-^ ^^^r a' This chance is least likely to occur because they 
•^nro^*: • h'^ ^>'\r^io sid** in a row. 
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S16: (e,c). [For e] They all could occur. [For c] Because it is 
least likely to occur when you have almost a perfect score. 

R2: (e.a). It's a chance game. Receiving 3 heads in a row seems 
unlikely » but could very well occur. No skill is involved, therefore 
all could likely occur by chance. 

^.1^' •? , i ^ . ?-^.e r.over knows which way the coin will drop. 

'^^'^ila: -f.:?scrxr.g in ^ugi?ested i*: the written justifications to correct 

^ns'*?. 10 fie ur-r.eads and Die Frobler.s. These rationales were coded ls 

b'^Icn^^ing to o^.p of tour categories as indicated down the left colunin of Table 

4- Overall, abcu*: ^OZ of the correct answers were accompanied by 

; f .ca*: : '^•i'^ '^'^.at ir-l. ^ c 0":<* notion of the independence of trials, 

^ . - ^ ^ 1 " " ^ V - . " * ^ • ^ r " 1 : 1 0 a * * ^ -re given le 1 ow * 

' ^' H/er .f the fair cc.r. -w^s flipped 1,000 times and the outcortie 
.1 :t v;?<; a,: eads, t^e l.CCl tir::e it still has the probability of 
' - * . ^ j-ii ''.e^, -".eads or ta^-.s. The c nance of either head^ or 



^ t \ e s ar: ? c*^ a o e ^ v r v t I'^e vou flip it no natter how 



■'-^e sa-^*^ no r:at*:er how manv tir:es the 



^u-c^-ce IS 5ti.. 



"t oo^lc either wav 



' * ' : ' ^ ^ o *" r , t e^zwf^Ts r e j u s *: i f i d with responses that 

-.^r--; '*^,:q 'v^> z' t"-^ o^tocTe ar-pro-^h -- that th^re was no way tc pred''*" 

v*^.'* V ^1 r^-^^^-- *'^at one cannot r^l^ out either possibility A few 

ov'^^^r/ts ^r^ 9, v'^*: be.ov as exa.'riples cf this type of response: 

^'3. ' ' ^ :t'c. hard to tell w/ t side you* re going ^ end up with, so in 
order * -.^ ^ .-f* /Ov. nave to think of either one landing.** 

S " f ' :f fo.: ^nad^ oar.'* up it is still possible that a H or T will 
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tas-:ally '"^ft t c'^a^^c^". T^er'^ are '^o definite* answers. 
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R8: (c) There is no way one couid over know whether a coin is going to 
be h^ads or tails. You Just have to ^o with it. 

\. -'-Ko- written justifications for the correct answi^r tc the 

-•-^a:is Trz-.^-i wer^ si'-.ply that the probability of H and T was 50/50. 
. l'""^ "^f T . 0-^ 3 co^.er a*; Instances cf this response are provided 
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S.'- (c> B'^cause when you flip a coin it's just chance» and it*s the 
3^-^.6 w ^ i;?ht on bot h sides. 



:here is a 50-50 chance for heads or tails, Tne chances are 



Rl: 'c, 



*. " ar^ ^^j^^'-tl.y li-.olv due t'^ t^e fact agair th:'t it is chance. 
" : ^ ~ ' - ^ f 1 " _ * . f _ c r *■ i o Is an ar b : guous a ns we r in that it may 
_ -.r ^-^g selected option c, it xay include the concept 

' - " - * - ^ 1 ? 1 r. - e p ^ r d e n t c f c s t ou t c oxe s, or it nay reflect 
^ - ?r 'i^'-.z-? t .nterp'"etatic;n that no prediction can be nade. One 
?_^st c t*^^ 'Hcssibil ity t'na^ tne subjects who give these 

^^^^ g -^rt.on cf i^cciendenc" is that tbere wa s a ^ i g h 
V " r'-'^- r^™o'-t?^, n stucen-s i-" e.r responses to the Four- heads 
r -'r-:- ^ -^^tudent ^.entirned independence explicitly in one 

^ • o ^ 1 1 y to 'te *: icn ^ t when app ro:? r i at e in t ne ct he r . 

r ^-n.'^ - -^a t - students -^r.cse responses explicitly mentioned 

< 1 * r one of the^ .T.entloned independence on the Dice Problem 
" :^st_^-t*. . ' 7n^ ctner student gav^ an equally-likely rationale to^^ether 
-'.er : c*^ t na t it was a wit n - repl acement sa.TDl ing rrodo 1 . ) Furthermore , 

f . sr-^d'^nts who gave **equally likely" justifications on the 
headls Pr:^!'*^; took the post test, and all fcr of thera gave similar 
^.^at'^n? *" ' 'n<?ir an^^wers on the Dice Problem. Cne reason to susof'^t 
'i vrltt^*"^ a'*^ .5 . icn that the chanre^ are 50/50 reflect an underlying 
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outcome-cientatio:. is that a logical connection was „ade in some of rhe 
justifications between this no .ion and the assertion that no prediction could 
..de. These instance vera coded under the "ei ther-could-happen" cacegory. 
ard are exemplified beiov. 

-c^ Can't predict sometaing that has equal possibilities. 
.^*.5- {c ) If both sides are equal in ve^'7hf «"Son ^ 

j-udgec w:tn conviction. ^ ^ outcome cannot be 

S14: (c, Die Problem) Each number has an equal chance to be rolled 
next, so either [option' A or B could be rolled. 

I'- interest i-., to :.ote that all three of -he students who incorrectly 
^-ver.d tnat a 7 was t.h. r.ore likely outcome aft^r four Hs. gave correct 
^ers vitn j-ust: fixations including the concept independence on the 

-r.e:-. This ~.ay have been because the labs were developed 
' - =°--^ering t.he ga.-nbler-s fallacy a-^ not with 
or,entatio" That the labs may have been mere 
t.r tnose co.-n.T.itt ing th'^ .-^blers fallacy is further indicated 
, r---o'-.,rco ,:n the H/T Se-:uen- Problem. As s.hown i.i Table 5, of 
----•.f. v-r ove correct responses on the posttest three had gi.en 
V.-. f^o .a-.ler-s fallacy on the pretest. Furthermore. 
-..d-nt3 vho gave ..nconsistent responses on the pretest 
:^.'-.r-.t:y -he pcstte.~t, -vitchinf^ to a gambler s -allacy 



Insert Table 5 about here 
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regarded as prototypical situations for eliciting the gambler's 
t-:a.y h.v. be^n .hown in this study to elicit such re.,ponses less freque.ntly 
than .t might hav. been expected. it is .... t clear to what exte these 
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results raigh^ differ from previous findings. For while Kahneraan and Tverskv 
frequentl/ cite these problems as exemplars of the gambler's fallacy and 
representativeness, they do not report performance data on these particular 
probleps. N'o: nav 3 I yet been able to find published experimental results on 

-.-^..^r '--c':>-^, c^h'-r th.in the VAE? results cited earlier. 

..."-sf^ r.-'sults ^ave sc^ae fairly direct implications for curriculum 
c.-^velopment and testir.g in probability. The belief that the majority of 
novices faced vit'^i these type of problems will commit the gambler's fallacy 
^s v'^i to "-e f^ — s In probability instruction away from 

— a' towards conceptual develrp-ent (cf, Garfield & Ahlgren, 

" ''^1^ beon acccrpanied by curr.cul\im aimed at the development 

zc-Z'^-^s szz- -^s independence ar.d rando-.ness and the design of items to 
v-,^. ? n-^'^r-u?: .n-'erstanding . Given this focus, problems like those used 

.-^ t'-^:- jturlv ?r<^ liv.ely to become standard fare on course and national exams 
?f n'-th^-"p': t \«v*>npr t . The resultr of this study suggest that a 

31-e-clo -^erc^ntag^, correct responses to sucn problems are spurious and 
r'^-lect a:tr-^att to uncertainty that is r-^-haps more pernicious than the 
ro^ rr>- .-t a" V -er;*^ .ov.risti^. ProHlertis need to be developed that can 
^ , r:- ---.^ ^^t* _ v: d-:als who reason according, to what has been described here 
'-^ - ^ ^ ^ "^'^ ar tr^ach fro^. th.^se with a normative concept of independence. 

tc^^n.bil.tv t:.f- inclusion cf the option, "Tne most probable outcome 
-i-r.ot 0^ c'et^rnined," to the Four-heads Problem and the K/T Sequence Problem, 
r.toc-r -or iented individuals ought to prefer this option to the ''equally- 

It neec: (o be :tressod that to characterize people as outcome-oriented, 
rr>rer^n^a" ivc , or nor.T.ati/e with regards to their orientation toward 
probability it. an gvp^s impl if ic ion. It clear that a particular person 
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can adopted a normative approach to a problem in one context and in another, 
related problem, reason non-normat ive ly (see, for example, K&T) . Nisbett et 
ai 1983) have suggested that problem characteristics such as an ambiguous 
sample si^ace a-d non-repeatability of trials can influence people to take an 
^-'.ri!;^.ic ^p:>rcach. Sirtiilarlv, Konold (in press) has suggested that siT.iiar 
v^-^-iables, esD-cia::y repeatability of trials and symmetric elementary o.-tcome 
probabilities, may be a factor in inducing the outcome approach. Indeed, it 
appears that the wording change from "most likely** to **least likely** in the 
H/T S-q-'ence Prob-e-^ may be sufficient to effect a sl'ift for some people from 
■5^ oatcc-.e -^rie-taticn to a representativeness fraruework. 

''*ve>--ert of such curriculum for the secondary and ev^n elementary 
:-v.-.s has b'^co'^.e part of the agenda of current efforts to reform mathematics 
'^r^-atio- m tho V-^-^c States. As mentioned above, one of the directions of 
-.ev - .r-icvlurri b'-ir.g developed is to help students overcome various of the 
vo' :-^:,cunentec misconceptions about probability and statistics. If however, 
t-e-e ^r^ oth-r misconceptions, sucn as the outcome approach, that a fair 
--rcer:a?e .-f <;tudent<? hold, such curricui will probably be of limited 
3ucc<^-s I-'^eod, the problem? used in the educational treatm3nt reported in 
''-^ -^^-c-v ver^ beirg used to assess the effectiveness of curriculum designed 
pr:-..t-..y d:::abu!^e students of the representativeness heuristic. This was 
b^- ac-pplished ^y first having students make predictions about situations 
IiV^ th- Fovr-heads Problera after which they collected data via computer 
simulation. r^ealiy, observati ,s based on these simulations would motivate 
rpforr.ulation of r^tudents' expectations and beliefs. According to the 
protest, howrv-r, o-ly ^ of 16 students began the labs with expectations about 
ihp Four-head3 Problem consistent with the representativeness heuristic, 5 of 
16 .n thf^ case of - K/T Sequence Probi^ . For them, the labs appeared to be 
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effective. For those who did not employ the representat ivaness heuristic in 
thinking initially about these problems, the labs appearet^ to have little 
effect, at least in inducing a notion of independence. One explanation for 
this 13 that expectations based on the outcome approach were never called into 
question by the data they collected. Ind'^ed, outcome-oriented students may 
pose more of a challenge to educators that those who harbor a belief in 
repr>-»sentativene3S, both because there may be more of them an"' also because it 
is har- t^'nk of empirical results that would challenge their beliefs. 
Virtually every result of a simulation with coins or die would appear to 
sv^port th^ expectation, Dased on the c atcome approach, that "anything could 
'-.a^'^n.'* In fact, the variation in results of replications might serve to 
strengthen rather than undermine such a belief. 
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Response 

a. Heads 
Tails 
Equal 



Table K Four Heads Problem 

Group 



Remedial 
(N»23) 

2 (9X), 
5 (225;) 
16 (70%) 



Suraraerniath (Pre ) 
(N»16) 



3 (19X) 
13 (81%) 



Stat Methods 
(N-49) 

2 (4%) 
47 (96Z) . 



^Number of students responding (with percent in parentheses) 
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ERIC 



Group 



Summermath (Pre) Stat Methods 

(N-23) (N-23) (N-16) (N-15) (N-47) (N-Al) 

^'zll kt^st Most Lenst Most Least 



a. KHHTT 

b. THHTH 

c. THTTT 

d. HTHTH 

e. Equal 

f. a,b,d 



^ (17X) 

? (13%) 

1 (4%) 
0 

12 (61Z) 

1 (At) 



2 (9Z) 

1 (4:) 

2 (9X) 
10 (43X) 

8 (352) 



0 

4 (2Z) 
0 

1 (6X) 
11 (69X) 



1 (7X) 
0 

5 (33X) 

6 (40X) 
3 (20X) 



0 

1 (2X) 

1 (2X) 

5 (UX) 

37 (79X) 

3 (6X) 



3 (;:> 

1 (2X) 

11 (27X) 

7 (17X) 

19 (46X) 



Table 3. Summerrnath (Post test: 
B/G Sequence Problem (N-14) 



Percent of Responses 

Response Most Ixkely Least likely 

a . BBB 7G 7 0 

b. GBBGB 21 0 

c. G3GGG 0 29 

d. 3GBGB 0 43 
e> Equal 71 29 
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rable 4. suinraary of Justifications of C^T^^^TJIT^Z 

Four Heads and and Die Probes '"^^^^^^^ 



:Jusjy_ficat ion 



Four Heads 

Die 

SummenBath^^ S..n,.. nnath (Po.t> 

e (.6Z) , ,,3,. 3 ^^^^^ 

- ^'''^ ^ 5 (36Z) 



^^^nentary outcomes 
are equally likoiy 



Hither could happen 
Other or blank 



2 (151) 



^ (25X) 
J (19X) 



1 (7Z) 
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Table 5. Pre/post Perforroance on H/T Sequence Problem 

Answer; Pretest 

An swer; Post tf-st Fallacy Inconsistent Co rrect Total 
Fallacy 1 i 13 

>.con5^i5^*-on" 0 5 q 5 

^ Corrpc^ 3 0 1 4 



Total 
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